In this paper, the natural frequencies of the axial-loaded Timoshenko multiple-step beam carrying multiple elastic-supported rigid bars are calculated. At first, the coefficient matrices for the elastic-supported rigid bars, the step change in cross-section, left-end support and right-end support of the multiple-step beam are derived. Next, the numerical assembly technique is used to establish the overall coefficient matrix for the whole vibrating system. Finally, equating the overall coefficient matrix to zero one determines the natural frequencies of the system. The natural frequencies of the beams by using secant method for the different values of axial force are presented in tables. 
INTRODUCTION
Beams with step changes in cross-section occur in civil and mechanical engineering structural elements. The free vibration characteristics of a uniform or non-uniform beam carrying various concentrated elements (such as intermediate point masses, rotary inertias, linear springs, rotational springs, etc.) is an important problem in engineering. Thus, a lot of studies have been published in this area.
The normal mode summation technique to determine the fundamental frequency of the cantilever beams carrying masses and springs was used by Gürgöze, (1984; 1985) . Hamdan and Jubran investigated the free and forced vibrations of a restrained uniform beam carrying an intermediate lumped mass and a rotary inertia (Hamdan and Jubran, 1991) . Zhou investigated the free vibration analysis of a cantilever beam carrying a heavy tip mass by a translational spring and a rotational spring (Zhou, 1997) . Gürgöze et al. solved the eigenfrequencies of a cantilever beam with attached tip mass and a spring-mass system and studied the effect of an attached spring-mass system on the frequency spectrum of a cantilever beam (Gürgöze, 1996; Gürgöze and Batan, 1996; Gürgöze, 1998) . Moreover, they studied on two alternative formulations of the frequency equation of a Bernoulli-Euler beam to which several spring-mass systems being attached inspan and then solved for the eigenfrequencies. Liu et al. formulated the frequency equation for beams carrying intermediate concentrated masses by using the Laplace Transformation Technique (Liu et al., 1998) . Wu and Chou obtained the exact solution of the natural frequency values and mode shapes for a beam carrying any number of spring masses (Wu and Chou, 1999) . The free vibration analysis of a uniform Timoshenko beam carrying multiple spring-mass systems was studied by Wu and Chen (2001) . Gürgöze and Erol investigated the forced vibration responses of a cantilever beam with single intermediate support (Gürgöze and Erol, 2001; . Naguleswaran investigated the natural frequencies and mode shapes of a Bernoulli-Euler beam with one-step change in cross-section and with ends on classical supports by equating the second order determinant to zero (Naguleswaran, 2002a) . In the other study, Naguleswaran obtained the natural frequencies and mode shapes of a Bernoulli-Euler beam on elastic end supports and with up to three-step changes in cross-sections by equating the fourth order determinant to zero (Naguleswaran, 2002b) . Chen and Wu obtained the exact natural frequencies and mode shapes of the non-uniform beams with multiple spring-mass systems (Chen and Wu, 2002) . Naguleswaran obtained the natural frequency values of the beams on up to five resilient supports including ends and carrying several particles by using BernoulliEuler Beam Theory (BET) and a fourth-order determinant equated to zero (Naguleswaran, 2002c (Naguleswaran, , 2003a . Chen investigated the natural frequencies and mode shapes of the non-uniform beams carrying multiple various concentrated elements (Chen, 2003) . The vibration and stability of an axial-loaded Bernoulli-Euler beam with step changes in cross-sections was investigated by Naguleswaran (2003b; 2004a) . In the other study, Naguleswaran investigated the vibration of an axial-loaded Bernoulli-Euler beam carrying a non-symmetrical rigid body at the step (Naguleswaran, 2004b) . Lin and Chang studied the free vibration analysis of a multi-span Timoshenko beam with an arbitrary number of flexible constraints by considering the compatibility requirements on each constraint point and using a transfer matrix method (Lin and Chang, 2005) . Lin and Tsai determined the exact natural frequencies together with the associated mode shapes for Bernoulli-Euler multi-span beam carrying multiple point masses (Lin and Tsai, 2005) . Koplow et al. studied the closed form solutions for the dynamic analysis of Bernoulli-Euler beams with step changes in cross-sections (Koplow et al., 2006) . In the other study, Lin and Tsai investigated the free vibration characteristics of Bernoulli-Euler multiple-step beam carrying a number of intermediate lumped masses and rotary inertias (Lin and Tsai, 2006) . The natural frequencies and mode shapes of Bernoulli-Euler multi-span beam carrying multiple spring-mass systems were determined by Lin and Tsai (2007 (Wang et al., 2007) . Wu and Chen investigated the free vibration analysis of a non-uniform Bernoulli-Euler beam with various boundary conditions and carrying multiple concentrated elements by using continuous-mass transfer matrix method (Wu and Chen, 2008) . Yesilce et al. investigated the effects of attached springmass systems on the free vibration characteristics of the 1-4 span Timoshenko beams . In the other study, Yesilce and Demirdag described the determination of the natural frequencies of vibration of Timoshenko multi-span beam carrying multiple springmass systems with axial force effect . Lin investigated the free and forced vibration characteristics of Bernoulli-Euler multi-span beam carrying a number of various concentrated elements (Lin, 2008) . Yesilce investigated the effect of axial force on the free vibration of Reddy-Bickford multi-span beam carrying multiple spring-mass systems (Yesilce, 2010) . Lin investigated the free vibration characteristics of non-uniform Bernoulli-Euler beam carrying multiple elasticsupported rigid bars (Lin, 2010) .
Multiple-step beams carrying multiple elasticsupported rigid bars are widely used in engineering applications, but in the literature for free vibration analysis of such structural systems; Bernoulli-Euler Beam Theory (BET) without axial-force effect is used. The literature regarding the free vibration analysis of Bernoulli-Euler single-span beams carrying a number of spring-mass systems, BernoulliEuler multiple-step and multi-span beams carrying multiple spring-mass systems and multiple point masses are plenty, but that of Timoshenko multiple-step beams carrying multiple elastic-supported rigid bars with axial force effect is fewer. The purpose of this paper is to utilize the numerical assembly technique to determine the exact natural frequencies of the axial-loaded Timoshenko multiple-step beam carrying multiple elastic-supported rigid bars. The model allows analyzing the influence of the shear and axial force effects, intermediate elastic-supported rigid bars on the free vibration analysis of the multiple-step beams by using Timoshenko Beam Theory (TBT). In this paper, the exact natural frequencies of the beams are calculated and the effects of the axial force and the influence of the shear are investigated by using the computer package, Matlab. Unfortunately, a suitable example that studies the free vibration analysis of Timoshenko multiple-step beam carrying multiple elasticsupported rigid bars with axial force effect has not been investigated by any of the studies in open literature so far.
THE MATHEMATICAL MODEL AND FORMULATION
An axial-loaded Timoshenko beam supported by s pins by including those at the two ends of the beam with k-step changes in cross-sections and carrying n elastic-supported rigid bars is presented in Figure1 Figure  1 , the symbols of above the x-axis refer to the numbering of stations. The symbols of 1, 2, ...,p, ...,n below the x-axis refer to the numbering of the elastic-supported rigid bars. The symbols of (1), (2), ..., (r), ...,(k) below the x-axis refer to the numbering of the step changes in cross-sections. The symbols of below the x-axis refer to the numbering of the supports.
In Figure 1 , the each elastic-supported rigid bar is fixed on the beam and possessing its own mass mp and rotary inertia I0,p and supported by a translational spring Rp and a rotational spring Jp.
Each of the symbols "×" denotes the fixed point of an elastic-supported rigid bar with the beam and each of the symbols "." denotes the center of gravity of the rigid bar. In Figure1, dm,p is the distance between the fixed point of the elasticsupported rigid bar and its center of gravity and dk,p is the distance between the fixed point and the translational and the rotational springs supporting the rigid body. 
k is the shape factor due to cross-section geometry of the beam; E, G are Young's modulus and shear modulus of the beam, respectively; x i is the position of the i th beam segment; t is time variable. 
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The parameters appearing in the foregoing expressions have the following relationships:
Where, and are the bending moment function and shear force function of the ith beam segment, respectively, and is the associated shearing deformation of the i th beam segment.
After some manipulations by using Eqs. (1) and (2), one obtains the following uncoupled equations of motion for the axial-loaded Timoshenko multiple-step beam as: 
DETERMINATION OF THE NATURAL FREQUENCIES
The position is written due to the values of the displacement, slope, bending moment and shear force functions at the locations of zi and t for the i th segment of Timoshenko beam, as:
Where, shows the position vector of the i th beam segment.
If the left-end support of the beam is pinned (as shown in Figure 1) , the boundary conditions for the left-end support are written as: 
The boundary conditions for the p th elasticsupported rigid bar with rotary inertia in the i th beam segment are written by using continuity of deformations, slopes and equilibrium of bending moments and shear forces, as (the station numbering corresponding to the p th elastic-supported rigid bar is represented by ):
Where, L and R refer to the left side and right side of the p th elastic-supported rigid bar, respectively.
Where,
In Section Appendix, the boundary conditions for the p th elastic-supported rigid bar with rotary inertia in the i th beam segment are presented in matrix equation form.
The boundary conditions for the r th step change in cross-section are written by using continuity of deformations, slopes and equilibrium of bending moments, as (the station numbering corresponding to the r th step change in crosssection is represented The boundary coefficient matrixes for the rightend support and free right-end are presented in Eqs. (21) and (22), respectively. M is the total number of the stations. In Eqs. (18), (21) and (22), q denotes the total number of equations for integration constants given by (24) From Eq. (24), it can be seen that; the leftend support of the beam has two equations, each intermediate station of the beam has four equations and the right-end support of the beam has two equations.
In this study, the coefficient matrices for leftend support, each elastic-supported rigid bar and right-end support of the axial-loaded Timoshenko multiple-step beam are derived, respectively. In the next step, the numerical assembly technique is used to establish the overall coefficient matrix for the whole vibrating system as is given in Eq. (25). In the last step, for non-trivial solution, equating the last overall coefficient matrix to zero one determines the natural frequencies of the vibrating system as is given in Eq. (26). 
NUMERICAL ANALYSIS AND DISCUSSIONS
In this study, two numerical examples are considered. For the first numerical example, the first four natural frequencies, ωα (α = 1, …, 4) and for the second numerical example, the first five natural frequencies, ωα (α = 1, …, 5) are calculated by using a computer program prepared by the author. 
Free Vibration Analysis of the Axial-Loaded and Two-Span Uniform Timoshenko Beam with an Intermediate Pinned Support and Carrying Single Elastic-Supported Rigid Bar
In the first numerical example (see Figure 2) , the pinned-pinned and the clamped-free, the uniform two-span for the third case, and ;
for the fourth case, and Table 2 (Lin, 2010) , as expected, since the shear deformation is considered in Timoshenko Beam Theory.
Free Vibration Analysis of the Axial-Loaded and Three-Step Timoshenko Beam with An Intermediate Pinned Support And Carrying Three Elastic-Supported Rigid Bars
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